Dielectric properties of particles adsorbed onto a planar interface between two dielectric media are considered, taking into account the dipolar fields created by polarization induced in nearby particles as well as by their image dipoles. The use of a dipolar approximation allowed us to derive a self-consistent expression for the effective field experienced by each particle. The expression uses the pair correlation function of the particle distribution and is presented in a close form for normal and tangential directions of the applied field. To obtain the correlation function for the distribution of irreversibly adsorbed particles and calculate the effective field, a computer simulation of random sequential adsorption was carried out at prefixed particle densities and until placing the next particle became extremely difficult. The effective field was also calculated for hexagonal closest packing. Results of these calculations were then used to estimate resonance wavelength shifts of whispering gallery modes in a dielectric microsphere when it adsorbs dielectric particles. A gradual change was seen from the shifts for isolated particles at low densities to those for a packed layer.
I. INTRODUCTION
Microscale sensing constitutes an important part of microfluidic devices. Various schemes of microscale detection utilize a change in the dielectric property in the immediate neighborhood of a planar substrate. Such detectors include field-effect transistor ͑FET͒ sensors, 1-3 whispering gallery mode ͑WGM͒ sensors, [4] [5] [6] [7] [8] fiber sensors, [9] [10] [11] and sensors based on surface plasmon resonance. 12, 13 The present paper discusses electric fields in a layer consisting of spherical dielectric particles randomly adsorbed onto a planar interface between two dielectric media. A typical situation is protein molecules and viral particles adsorbed onto a silica surface from their suspended state in water. When the particles are adsorbed to form a layer, the property of the layer is different from the one we would calculate for the same number of isolated particles, especially when the density of particles is high. The polarization induced within each particle changes the field in nearby particles. Such an effect is long ranged; the dipolar field decreases its intensity in proportion to 1 / r 3 , where r is the distance between the two particles. For particles sitting at the interface, we can expect an additional effect caused by the medium on the other side of the interface. These effects become stronger as the layer has more particles. An evaluation of the effective field experienced by each particle, taking these effects into account, will be valuable for quantitative analysis of sensor responses.
The construction of the present paper is as follows. First, we consider dielectric particles sitting on the planar interface and derive general formulas for the effective field applied to each particle. Two polarization directions, normal and tangential to the interface, will be considered. We employ a dipolar approximation which was shown to be effective when the electric permittivity difference between the particle and the medium it displaces is small. 14 This approximation therefore will give a reasonable estimate for the electric field in protein molecules when they displace water. Then, we will apply the formulas to different arrangements of spherical particles at the interface: random sequential adsorption and hexagonal closest packing. Finally, we will apply these results to WGM sensors to estimate the resonance wavelength shifts of transverse electric ͑TE͒ and transverse magnetic ͑TM͒ modes.
II. ELECTRIC FIELD WITHIN PARTICLES AT THE INTERFACE
When a static electric field is applied to dielectric particles sitting on the planar interface between two media of different electric permittivities, the field within each particle is affected by the dipoles induced in nearby particles as well as by the presence of the interface. In this section, we consider these effects to estimate the field within each particle, first in a bulk medium and then at the interface.
A. Particles in a bulk medium
Before considering the effect of other particles, we review the relationship between the applied field and the dipole induced within a single particle. The electric field E 0 is applied in a medium of electric permittivity ⑀ 2 . When a spherical particle of radius R and electric permittivity ⑀ p is brought into the medium, charges are induced on the surface of the particle, creating the depolarization field. The total field E within the particle is the sum of E 0 and the depolarization field. As a result,
The excess polarization of the particle is ͑ p − 2 ͒E. In effect, the particle has a dipole moment given as
At r from the center of the particle, the dipole creates a field E dip given as
͑3͒
In the presence of many similar particles in medium 2, the dipolar fields by nearby particles change the field E ext ͑i͒ that applies to the ith particle. We take into account the effect of the dipolar fields as shown below.
Let r i be the position of the ith particle. Then, the dipolar field E dip͓j͔ ͑i͒ at r i in the absence of the ith particle by the dipole j on the jth particle at r j is given as
where r ij = r i − r j and r ij = ͉r ij ͉. As for the single isolated particle, j is caused by the field E ext ͑j͒ at r j were it not for the jth
The total field E ext ͑i͒ applied to the ith particle is the sum of E 0 and the dipolar fields from all the other particles. In the integral form,
where ͑r ji ͒ represents the density of particles at distance r ji from the ith particle. Substituting E dip͓j͔ ͑i͒ with Eq. ͑4͒ and using Eq. ͑5͒, we obtain a self-consistent expression of E ext ͑i͒ as follows:
If we replace E ext ͑i͒ by a mean-field E ext that is common to all particles, then
where r = r ji and r = ͉r͉. We should be able to find E ext selfconsistently once ͑r͒ is given.
B. Particles at the interface between two media
Now we place all the particles at the planar interface between medium 1 ͑electric permittivity 1 ͒ and medium 2. The particles are adsorbed onto the interface from the medium 2 side. We use the method of images 15 to assess the effect of medium 1 and find an expression of the mean-field E ext for a given distribution of particles at the interface.
The dipole moment in the adsorbed particle is considered to be located at distance R from the interface. For now, we assume that j is parallel to E 0 . Later, we will discuss cross polarization effects. We consider two electric field directions; perpendicular and parallel to the interface.
The dipole moment is equivalent to a pair of opposite charges q and −q separated by a short distance u ͑ = qu͒. The dipolar field within medium 2 can be constructed by placing another pair of charges qЈ and −qЈ at the respective mirror positions across the interface in medium 1 on top of the original charges. In effect, has an image dipole m = qЈu m , on the other side, where u m is the mirror image of u. The field within medium 1 can be constructed by replacing q and −q with yet another pair qЉ and −qЉ, respectively, at the same positions. From the boundary conditions of the electric field at the interface, qЈ and qЉ are found to be
When u is normal to the interface, u m =−u. When u is parallel to the interface, u m = u. Combined, we write,
The first symbol in Ϯ or ϯ applies to the normal direction. The dipolar field E dip͓j͔ ͑i͒ at r i in medium 2 by the jth particle is a superposition of the field by the dipole j at r j and the field by its image dipole j m at r j Ј ͑mirror image of
where r ij Ј = r i − r j Ј and r ij Ј = ͉r ij Ј͉. As we did for particles in bulk,
we can find the self-consistent expression for E ext ͑i͒ , the field at r i were it not for the ith particle. Let ͑r͒ be the density of particles at distance r from one of the particles at the interface. Then, the mean-field E ext satisfies
where r = r ji , r = ͉r͉, rЈ =−r ij Ј, and rЈ = ͉rЈ͉. By assumption,
does not include the effect of the image dipole of the ith particle. It can be shown that the image dipole does not create a field at the position of the original dipole ͑see Appendix͒. A more formal solution to this problem was given in our earlier publication. 16 Now we apply the general formula ͓Eq. ͑2͔͒ to particles of radius R randomly distributed on a substrate ͑medium 1͒. We take the z axis as the surface normal ͑from medium 1 to medium 2͒ and define r = ͑r , ͒ for the xy plane passing the particle centers. For simplicity, we assume that the particle distribution at the interface is isotropic: ͑r͒ = ͑r͒.
When E 0 is normal to the interface, E ext · r = 0 and 
where we define two integrals involving ͑r͒ as
Note that I 1 is always positive, whereas I 2 can be positive or negative, depending on ͑r͒. When E 0 is parallel to the interface, E ext · r = E ext · rЈ = E ext r cos , where is the angle between E ext and r. Upon integration by , Eq. ͑12͒ leads to
Equations ͑13͒ and ͑16͒ are rewritten to
where the ratio of E 0 to E ext stands for the ratio of their components in the direction of E ext . The two reciprocal effective field factors f n and f t are defined as
͑19͒
The leading correction terms ͓Eqs. ͑18͒ and ͑19͔͒ have the opposite signs. When p Ͼ 2 , the presence of nearby particles decreases E ext for the normal field, but increases E ext for the tangential field. The difference can be explained by the illustrations in Fig. 1 . In part ͑a͒ of the figure, E 0 is normal to the surface. The dipolar field by j within the ith particle is the opposite to E 0 , weakening the applied field. Parts ͑b͒ and ͑c͒ are for the tangential field. Whether the dipolar field adds to E 0 or decreases E 0 depends on the position of the jth particle relative to the ith particle. In part ͑b͒, the dipolar field by the jth particle, whether it is upstream or downstream of the ith particle in the direction of E 0 , strengthens the field in the ith particle. In part ͑c͒, in contrast, the jth particle, located sideways, generates a dipolar field to decrease the field in the ith particle. When there are many particles, the effects of these dipoles need to be added. The net result is the increase in the field as seen in Eqs. ͑16͒ and ͑19͒. Our earlier publication 16 discussed the effects of the dipolar field qualitatively.
Although not as strongly as the direct dipolar field, the image dipole j m affects E ext in particle i. The effect depends on the distance between particles i and j. We consider the effect for the normal orientation of E 0 , for which j m is in the same direction as j when 1 Ͼ 2 ͑see Eq. ͑10͒͒. In Fig.  1͑a͒ , the field at r i created by j m below the plane will have a positive z component, thereby strengthening E ext , when the two particles are close to each other and hence r i is more or less above j m . The z component will be negative when the particles are not close. This discussion explains the negative sign for I 2 in Eq. ͑18͒; note that, in Eq. ͑15͒, the integrand of FIG. 1. The dipolar field E dip͓j͔ ͑i͒ by the jth particle can increase or decrease the field within the nearby ith particle, depending on whether the field E 0 is normal ͑a͒ or tangential ͓͑b͒ and ͑c͔͒ to the interface. For the latter, positions of the two particles are relative to the field. I 2 is positive only at short distances. Similar discussion can be developed for the tangential orientation of E 0 .
Local fluctuations may cause j to have a component perpendicular to E 0 . However, the statistical averaging makes the contribution by the nonparallel components disappear in E ext , as long as ͑r͒ is isotropic.
III. PARTICLES RANDOMLY AND SEQUENTIALLY DEPOSITED ONTO A PLANAR SURFACE
In this section, we consider the reciprocal effective field factors f n and f t for a uniform distribution of the adsorbed particles and the distribution to be obtained in random sequential adsorption ͑RSA͒.
If ͑r͒ is uniform, i.e., ͑r͒ = av , then, I 1 = ⌽ and I 2 =−2 −3/2 ⌽, where ⌽ = R 2 av is the area fraction of projection of the particles onto the surface. The negative sign of I 2 is due to a greater contribution by distant particles compared with nearby particles. Thus,
ͪ⌽.
͑21͒
It appears interesting to use these equations to evaluate f n and f t for adsorption of biomolecules onto silica surface from aqueous solution. For E 0 generated by visible light ͑as-suming static field 16, 17 ͒, 1 / 0 = 1.46 2 , 2 / 0 = 1.33 2 , and p / 0 = 1.50 2 , where 0 is the electric permittivity of vacuum. Then, ͑ p − 2 ͒ / ͑ p +2 2 ͒ = 0.083, and ͑ 1 − 2 ͒ / ͑ 1 + 2 ͒ = 0.093. The effect of the dipolar field is weak even at high surface coverage. The effect of the image dipole is even smaller.
There is always a correlation in the distribution of particles. At least, the excluded volume causes a pair correlation. Let ͑r͒ = av + ⌬͑r͒. Then, I 1 = ⌽ + ⌬I 1 and I 2 =−2 −3/2 ⌽ + ⌬I 2 with
Here we consider particles randomly and sequentially adsorbed onto the surface. Adsorption of particles, one by one, onto the surface, without allowing them to move once they sit on the surface, is supposed to mimic the adsorption of protein molecules onto the oppositely charged surface. The distribution is frozen, and does not represent thermodynamic equilibrium. The process is known as RSA and has been studied mostly using computer simulation. [18] [19] [20] [21] [22] [23] In the latter, circles of the same radii were laid sequentially onto a plane, avoiding overlaps. One of the conclusions of the studies 19, 21, 23 is that there is an upper limit in ⌽, and the upper limit is about 0.547, much smaller compared with / ͑2 ϫ 3 1/2 ͒ = 0.9069, the area fraction for the hexagonal closest packing of circles.
Since analytical expressions of ⌬͑r͒ for RSA are not available, we conducted a simulation to obtain ⌬͑r͒. Circles of a given radius were generated sequentially with centers randomly distributed in a unit square. An attempt to place the next circle at random that does not overlap with existing circles was continued. Periodic boundary conditions were applied to check the overlap near the edge of the square.
Two types of RSA simulation were conducted. In the first type of RSA ͑type I͒, a step of adding the next nonoverlapping circle was continued until the total number of circles N circles reached a specified value. Thus, circles were generated at a predetermined density. In the second type of RSA ͑type II͒, the step was repeated until attempts to place the next circle failed for a predetermined number n attempts in a row.
For type II RSA, we fix R to 0.003. Placing the next circle becomes increasingly difficult as N circles increases. Figure 2 shows an example of the circles for n attempts =23ϫ 10 6 . This example has N circles = 19 263. A part ͑0.1ϫ 0.1͒ is zoomed for clarity. In a series of RSA simulations, we increase n attempts in an increment of 2 ϫ 10 6 starting at 3 ϫ 10 6 . The maximum of n attempts is set to 23ϫ 10 6 to keep the simulation time in check. With an increase in n attempts , N circles increases. Figure 3 shows a plot of N circles as a function of 10 6 / n attempts . The data are the average for 69 series of type II RSA. The trend of increasing N circles continues beyond the maximal n attempts of our simulation. The curve is the optimal fit by an empirical formula m 1 + m 2 ͑10 6 / N attempts ͒ m 3 , where m 1 , m 2 , and m 3 are fitting parameters. The fitting gives m 1 = 19 342± 12. Thus, the maximum surface coverage is av = 0.5469± 0.0003. Our result agrees with the reported values. 19, 21, 23 For each configuration of circles generated in either type of RSA, ⌬͑r͒ was calculated. Thus obtained ⌬͑r͒ was further averaged among the configurations of the same av , which is equal to N circles in type I RSA. For type II RSA, ⌬͑r͒ was averaged for the 69 series with the maximal n attempts . At low area fractions in type I RSA, we had to increase the number of circles by using smaller circles and thus increasing the number of pairs of circles in close prox-
imity to obtain reliable ⌬͑r͒. Figure 4 shows ⌬͑r͒ at ⌽ = R 2 av = 0.181, 0.3519, and 0.5372. The last value is close to the mean ⌽ in type II RSA. The primary peak is seen at r =2R for all the densities shown. The higher-order peaks are also seen at high densities. The inset of Fig. 4 shows the mean ⌬͑r͒ for type II RSA.
Using ⌬͑r͒ thus obtained, ⌬I 1 and ⌬I 2 were calculated. The ratios of ⌬I 1 and ⌬I 2 to their respective absolute values for a uniform ͑r͒ change with an increasing area coverage. Figure 5 shows ⌬I 1 / ⌽ and ⌬I 2 / ͑2 −3/2 ⌽͒ as a function of ⌽. The lower limit of ⌽ is around 0.09; below this limit, ⌬͑r͒ could not be evaluated with a reasonable accuracy. At low surface coverages ͑⌽Ͻ0.2͒, the two ratios are linear to the coverage, as ⌬I 1 and ⌬I 2 are ascribed to the pair correlation and therefore proportional to ⌽ 2 at low densities. At around ⌽ = 0.2, the two ratios start to deviate upward. For type II RSA, the two ratios are 27% and 13%. The effect of the correlation is small even at the highest density of RSA. The lines in the figure represent the optimal fit by p 1 ⌽ + p 2 ⌽ −3/2 ⌽͒. Both ⌬I 1 and ⌬I 2 are positive, because the greatest contribution comes from ⌬͑r͒ Ͼ 0 at r / R Х 2. The positive correlation is ascribed to the excluded volume. Figure 6 shows f n and f t plotted as a function of ⌽ for 1 / 0 = 1.46 2 , 2 / 0 = 1.33 2 , and p / 0 = 1.50 2 . As expected from the magnitude of ⌬I 1 / ⌽ and ⌬I 2 / ͑2 −3/2 ⌽͒, the plots of f n and f t are nearly linear at low ⌽ and bend upward and downward, respectively, at around ⌽ Х 0.3. The presence of other particles strengthens the tangential field, but weakens the normal field. The data at ⌽ = 0.9069 will be discussed FIG. 3 . Number of circles generated in type II RSA, N circles , plotted as a function of 10 6 / n attempts , where n attempts is the upper limit to the number of consecutive failures to place the next circle at random. Circles of radius of 0.003 were generated in a unit square. The curve is the optimal fit by an empirical equation. later. The decrease in f t from unity with an increasing ⌽ is about a half of the increase in f n , as expected from Eqs. ͑20͒ and ͑21͒. The latter equations give a good approximation for ⌽Ͻ0.2.
IV. PARTICLES IN HEXAGONAL CLOSEST PACKING
When particles form a hexagonal closest packing ͑hcp͒ at the interface, the close proximity of neighboring particles is expected to make a stronger effect on E ext compared with RSA. In this section, we calculate I 1 and I 2 , as expressed as sums, for hcp and estimate f n and f t . Unlike RSA, hcp gives definite values of I 1 and I 2 .
When projected onto the interface, the spherical particles of hcp form circles of hcp. We choose one of the circles as the ith circle as we did in Sec. II. All the other circles have their centers either on the sides or on the apexes of a regular hexagon centered at the center of the ith circle. The hexagon with a side of length 2gR has 6g circle centers on its six sides. One of the g circles per side is on the apex. The distance from the center of the hexagon to the hth circle center ͑counted from the apex with the circle at the apex being h =0͒ is 2R͑g
for h =0,1, ... ,g − 1, multiplying 6, and then taking the sum for g =1,2,..., we obtain I 1 as
Likewise, I 2 is expressed as
Computation gives I 1 = 1.3793 and I 2 = −0.2218. The two distant symbols in Fig. 6 indicate f n and f t using these numbers. They are on a track naturally extrapolated from the high-end data of RSA.
V. APPLICATION TO WGM SENSORS
One of the detection methods in WGM photonic sensors utilizes the shift of resonance wavelength when target particles adsorb onto the resonator surface. [5] [6] [7] [8] [24] [25] [26] The adsorption of the particle ͑electric permittivity p ͒ occurs from a suspended or dissolved state in the medium ͑ 2 ͒ surrounding the resonator ͑ 1 ͒. As the evanescent field of WGM polarizes the adsorbed particles, thus changing the total energy of WGM, the resonance shifts, often by less then 1 ppm. The small shift can be measured accurately by scanning the wavelength of the laser source of a narrow linewidth. [5] [6] [7] [8] [25] [26] [27] The WGM sensor allows two polarizations, TE and TM, to be addressed separately. 27, 28 In the past studies, we obtained formulas for the shifts in the two polarization modes when a single small particle or a thin layer is adsorbed onto the resonator surface 16 and when there is a uniform change of refractive index in the surrounding medium. 29 In the simplest form of the formula, the resonance wavelength shift relative to the wavelength before the shift is equal to the energy of polarization in the adsorbed particles relative to the energy of the WGM. 5 The boundary condition for the electric field at the interface between the resonator and surroundings leads to the two modes having different intensities of the evanescent field. Therefore, the excess electric energy in the adsorbed particle is different for the two modes, and so is the shift.
In these theoretical studies and also in experimental studies, the shift ratio of the TE and TM modes has always been of a great concern. The shift ratio allows us to find the status of the adsorbed molecules without a need to know their surface density. 16 A typical sensing situation involves adsorption of particles or molecules of biological origin ͑ p / 0 = 1.50 2 ͒ in an aqueous solution ͑ 2 / 0 = 1.33 2 ͒ onto silica microspehre ͑ 1 / 0 = 1.46 2 ͒. The ratio of the TM shift to the TE shift for a single spherical particle is around 1.2 but slightly less than unity for a packed layer of the particles, where a mean field, to be explained later, was assumed. 29 A natural question is at which area coverage the ratio changes from that of isolated particles to the one of a packed layer.
Here, we use the results obtained in the preceding sections to estimate the resonance shifts of the two modes for RSA up to its upper limit of particle density and hcp. We set up spherical polar coordinates ͑r , , ͒ with the origin at the center of a spherical resonator ͑radius a͒. Typically, a is much greater compared with the wavelength , so that one cycle of travel around the resonator contains many wavelengths. We assume that R, the radius of the adsorbed particle, is sufficiently smaller than . Under these assumptions, the electric field can be regarded as static and uniform across the distance where the integrands in Eqs. ͑14͒ and ͑15͒ are relevant, and the resonator surface can be regarded as planar. 16, 17 Therefore, we can use the results obtained in the preceding sections.
A general formula was obtained earlier 16 for the resonance wavelength shift when a particle of volume V p is adsorbed onto the surface of the spherical resonator to change the permittivity at r from ͑r͒ to ͑r͒ + ⌬͑r͒. The expression for the shift ⌬, relative to the resonance wavelength 0 before the shift, is common to the TE and TM modes,
The denominator is the integral of the energy density over the entire space V before the adsorption ͑mode energy integral͒. The perturbation integral in the numerator involves integration of the electric field E 0 before the adsorption and the field E p within V p after the adsorption. For the adsorption of more than one particle, the numerator is a sum of volume integrals,
where V pi is the volume of the ith particle on the resonator. Since R Ӷ 0 Ӷ a, E 0 in the perturbation integral is approximated by its value on the surface: E 0 ͑r , ⍀͒ = E 0 ͑a + , ⍀͒, where ⍀ = ͑ , ͒ and a + is infinitesimally greater than a. E 0 varies on the surface of the resonator with ⍀, so does E p . We consider that a total N p particles are uniformly distributed over the length scale of ; a local correlation of density fluctuations can exist over the length shorter than . Then, the perturbation integral is
since ⌬ = p − 2 within V pi . E p ͑a + , ⍀͒ is related to E ext ͑a + , ⍀͒, the effective field applied, as
In our mean-field approximation, E ext ͑a + , ⍀͒ = E 0 ͑a + , ⍀͒ / f p , where p = n or t, depending on the direction of E 0 . For E 0 consisting of the normal component E 0n ͑a + , ⍀͒ and the tangential component E 0t ͑a + , ⍀͒, the perturbation integral is given as
where V p = ͑4 /3͒R 3 was used. Now we will find the resonance shift for the TE mode of a WGM with vacuum wave vector k 0 =2 / 0 , mode number l͑l Х͑ 1 / 0 ͒ 1/2 k 0 a͒, and azimuthal index m. The electric field E 0 ͑r , , ͒ of the TE mode is purely tangential
where S 0 ͑r͒ is a radial function. The angular vector function X lm ͑͒ is given as
with P l m ͑x͒ being the associated Legendre function, and ê and ê are the unit vectors in the relevant directions. For the TE mode, S 0 ͑r͒ is continuous at r = a. It was shown that 29 the mode energy integral in Eq. ͑27͒ is calculated as
Since ͉E 0t ͑a , , ͉͒ = ͑k 0 a͒ −1 ͉S 0 ͑a͒X lm ͉, Eq. ͑33͒ is rewritten to
From Eqs. ͑27͒, ͑30͒, and ͑34͒, we obtain the fractional TE shift as
where
is the area coverage for the projection of the adsorbed particles on the resonator surface.
In the absence of the effects of the dipolar field by nearby particles ͑directly or through the image dipoles͒, f t = 1. Hence, 1 / f t is equal to the shift by the interfering particles relative to the one by noninterfering particles.
We use the values of I 1 and I 2 obtained in our RSA simulations at different area coverages and estimate the fractional shift. The open and closed circles in Fig. 7 show ͑⌬ / ͒ TE ͑a / R͒ / ⌽ plotted as a function of ⌽ for p / 0 = 1.50 2 and 1.60 2 ; 1 / 0 = 1.46 2 , 2 / 0 = 1.33 2 . The two distant circles are for hcp.
It is interesting to compare these results of hcp with those calculated assuming mean permittivity. In our preceding article, 16 we estimated the shift due to hcp using the resonance shift formula for the adsorption of a dielectric layer with a radial profile of permittivity. We equated the electric permittivity in a concentric spherical shell to the average of p and 2 , weighted by the areas in the cross section with the shell. The result is
As expected, /3 3/2 is the volume fraction of the solid spherical particles in the layer of thickness 2R. Two horizontal bars in Fig. 7 
͑41͒
With Eqs. ͑38͒ and ͑39͒, the above energy integrals can be rewritten to
Combining Eqs. ͑27͒, ͑30͒, ͑42͒, and ͑43͒, we obtain the fractional TM shift as
Here, ␤ is the mean intensity ratio of the two components of E 0 right at the resonator surface,
where ͉͐Z lm ͉ 2 d⍀ = l͑l +1͉͒͐Y lm ͉ 2 d⍀ was used. It was shown that, when l ӷ 1, ␤ Х 1−͑ 2 / 0 ͒͑k 0 a / l͒ 2 . 29 In a cruder approximation, ␤ Х 1− 2 / 1 . The TM mode is dominated by the normal field, but not overwhelmingly so.
Unlike the TE mode, ͑⌬ / ͒ TM ͑a / R͒ / ⌽ decreases with an increasing ⌽, as the dominant normal field weakens when the surface is congested with particles. The mean-field permittivity calculation for the TM mode, similar to the one given by Eq. ͑37͒, also overestimates the shift, but not as seriously as for the TE mode.
Comparison of Eqs. ͑35͒ and ͑45͒ gives the TM-to-TE shift ratio,
The shift ratio is plotted in Fig. 8 for p / 0 = 1.50 2 and 1.60 2 . The other permittivity values are the same as those used in Fig. 7 . For the TM mode, we need to specify other parameters. They are k 0 a = 484.23, l = 670, and the first radial mode. Figure 8 shows a crossover from the resonance shifts for isolated particles ͑ratioХ 1.19͒ to the shifts affected by neighboring particles. As their effect weakens the evanescent field intensity for the TM mode, but strengthens for the TE mode, the ratio decreases. The crossover is gradual, however, the decrease is more conspicuous for particles with a higher p .
VI. CONCLUSIONS
Using the dipolar approximation, we estimated the effect of neighboring particles on the field within each of the particles adsorbed on the planar interface between two dielectric media. The distribution of the particles, which is necessary for the estimation, was obtained in a computer simulation of random sequential adsorption. The results were applied to the evaluation of resonance shifts of whispering gallery modes in a dielectric microsphere resonator. We found that the crossover from the shifts for isolated particles to those of a packed layer is gradual.
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APPENDIX: ABSENCE OF THE EFFECT OF IMAGE DIPOLE ON THE ORIGINAL DIPOLE
Here, we prove the absence of the effect of dipolar field by the image dipole on the original dipole. We consider two dipolar orientations. When the dipole is normal to the interface, the potential 2 at a point in medium 2 by the two image charges in medium 1 is 2 where sЈ and tЈ are the distances of the point from the images of q and −q, respectively. For the points at q and −q of the original dipole, tЈ − sЈ is the same. Therefore, there is no difference in the potential 2 ͑the leading term with respect to u͒ at both ends of the original dipole. When the dipole is parallel to the interface, the difference between sЈ and tЈ at the original dipole is zero. Therefore, the potential created by the image dipole is the same at the two ends of the original dipole. 
